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Integrating System-Level and Component-Level Designs
Under Uncertainty

Natasha Smith∗ and Sankaran Mahadevan†
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A probabilistic optimization methodology for aerospace vehicle design is developed that takes into account
coupling between system-level and component-level design requirements. The proposed methodology represents
the system-component design as a reliability-based multidisciplinary optimization problem. The system design
optimizes the geometry of a reusable launch vehicle for minimum weight while satisfying aerodynamic constraints.
The component design relates to the structural sizing of vehicle components, in this case a liquid-hydrogen tank.
The optimization formulation includes probabilistic constraints, which are evaluated using the limit state-based
reliability analysis methodology. The system and component designs are linked through stochastic state variables
relating to vehicle geometry and component weight, and the optimization at both levels is pursued. Finally, the
reliability-based multidisciplinary optimization is solved using an efficient decoupled approach.

Nomenclature
A = aerodynamic analysis ft/s2 (m/s2)
a = acceleration, ft/s2

aoa = angle of attack, deg
bfar = body flap area ratio, ft2/ft2 (m2/m2)
bflap = body flap deflection, deg
bl = ballast weight fraction, lb/lb (kg/kg)
CL = coefficient of lift
Cm = pitching-moment coefficient
delev = elevon deflection, deg
f = probability distribution function
fr = fuselage finess ratio, ft/ft (m/m)
g = limit state function
gHCB = limit state function for honeycomb

buckling failure
gISO = limit state function for isotropic strength failure
gVM = limit state function for Von Mises failure
L/D = hypersonic lift-to-drag ratio
mr = mass ratio, lb/lb (kg/kg)
P = probability
Pf = probability of failure
R = location of reactions from simple beam

analysis, in. (cm)
rftank weight = tank weight reduction factor
S = standard reference wing area, ft2

T = tank sizing analysis
thc = thickness of honeycomb material in tank

wall, in. (cm)
tplate = thickness of plate material in honeycomb

sandwich tank wall, in. (cm)
tfar = tip fin area ratio, ft2/ft2 (m2/m2)
tvc = tail volume coefficient
u = multidisciplinary state variables, that is, output

from one discipline and input to another
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uWA = state variables passing from weights analysis W to
aerodynamic analysis A

uWT = state variables passing from weights analysis W to
tank sizing analysis T

W = weights analysis
Wempty = vehicle empty (dry) weight, lb
Wi = predicted weight of i th component, lb
war = wing area ratio, ft2/ft2 (m2/m2)
X = optimization design variables
XAeroControl = vector of aerodynamic design variables (delev and

bflap for each of nine scenarios)
XGeometry = vector of geometry design variables (fr, war, tfar,

bfar, mr, bl)
XSystem = vector of output variables from system design

needed for tank design
x∗ = performance-measure-approach (PMA)

design point
|x|2 = l2 norm of vector x
Y = nondesign random input variables
YAeroControl = vector of random (nondesign) aerodynamic

variables angle of attack for each of
nine scenarios)

YMission = vector of random (nondesign) mission variables
(R, a, % fuel, mix ratio, thc)

β = reliability index
η = vector of variables in standard normal space
η∗ = PMA design point in standard normal space
µ = mean value
µN = equivalent normal mean value
ρplate = density of plate material used in honeycomb

sandwich tank wall
ρhc = density of honeycomb material used in

honeycomb sandwich tank wall
σ = standard deviation
σ N = equivalent normal standard deviation
� = standard normal cumulative distribution function
∇ = gradient

Introduction

T ODAY’S aerospace industry is faced with the challenge of en-
gineering complex systems for which cost effectiveness and

reliability are given the highest priority. Consider for example two
goals for next-generation reusable launch vehicles (RLV): 1) a
$1000/lb ($2205/kg) or less cost for payload delivery and 2) a
less than 1/10,000 risk of crew loss.1 This will require significant
improvement (10-fold and 100-fold, respectively) over the current
generation. Whether these targets are achievable remains to be seen,
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but it is clear that a systematic design approach is needed to move
toward such targets. Uncertainties in system characteristics and de-
mand, however, complicate the design process. These uncertainties
prevent assurances of system performance from being given with
absolute confidence. Thus system assessment, an integral part of the
design process, must include measures of performance uncertainty.
Using these measures to constrain design optimization is commonly
referred to as reliability-based design optimization (RBDO). In par-
ticular, this paper addresses how RBDO can be used to couple two
levels of design under uncertainty.

Systems engineering uses a design approach driven by top-level
requirements.2 However, design assessment is typically facilitated
by discipline-specific (e.g., structural, aerodynamic, etc.) computa-
tional analysis models. These discipline models must be integrated
into a multidisciplinary analysis before designs can be evaluated
at the system level. From this point a top-down design approach
can be undertaken. At the higher levels of design, more of the sys-
tem is considered with less detail. As the design process continues,
smaller components are designed to a greater level of detail. The
highest (system or conceptual) level design provides the framework
for design at the next level. Considering only the effect of the sys-
tem design on the component, however, could result in prematurely
“pigeon-holing” a system based on the initial conceptual design.
This can be dangerous given that conceptual system assessment is
typically quite approximate (i.e., low fidelity). Using higher-fidelity
models at the conceptual level is an alternative, but this tactic is
limited by time and resource constraints. Rather, if the design pro-
cess is to result in an efficient system it must consider feedback
from the lower (i.e., component) level designs to the system level.
In other words, the system-level design must be reconsidered given
additional detail provided by component design. Various models
for system design (e.g., the System Engineering Vee, waterfall, and
spiral models) depict this common theme of iterative feedback be-
tween design levels.2 Although the concept is prevalent in basic
systems engineering theory, this interlevel communication is rarely
automated and usually ad hoc at best. For design problems defined
via optimization formulations, it is logical to use optimization to
synthesize interlevel design levels as well. Only in this way can one
ensure optimality at the system level as well as compatibility of
designs at lower levels.

One technique for integrating designs across components or disci-
plines is to formulate the design as a multidisciplinary-optimization
(MDO) problem. (This technique is applicable when disciplinary
analyses can be represented mathematically.) Efficiency of the over-
all design can be targeted as the design objective (e.g., minimize
weight, minimize cost, etc.), whereas the performance requirements
relating to multiple disciplines are treated as constraints. In fact, de-
sign optimization is one area cited by industry leaders as an “oppor-
tunity for breakthrough” with respect to large-scale design.3 Several
authors have addressed the integrated or multidisciplinary design of
components for aerospace systems.4−7 In particular, Cerro et al. pro-
vide a system design hierarchy for the structural sizing of launch
vehicle components.8 To date, MDO formulations for launch vehi-
cles have been at a single design level. In addition, recent research
has introduced the concept of approximation and model manage-
ment optimization, an approach that adaptively increases fidelity of
design models (in this case via refining the local resolution of re-
sponse surfaces) as the design process converges to a final solution.9

Nevertheless, optimization still occurs at a single design level. The
strategy presented in this paper synthesizes two distinct levels of
design (i.e., a low-fidelity design at the system level and higher-
fidelity design at the component level) as a multidisciplinary op-
timization problem. This formalizes the feedback communication
between levels.

Design at any level requires an assurance of reliability and qual-
ity. However, uncertainties in the system characteristics and demand
prevent such assurances from being given with absolute certainty.
Traditional deterministic design methods have accounted for un-
certainties through empirical safety factors. However, such safety
factors do not provide a quantitative measure of the safety mar-
gin in design and are not quantitatively linked to the influence of

different design variables and their uncertainties on the overall sys-
tem performance. Therefore, in recent decades probabilistic analysis
(a rational approach that quantifies the reliability of performance or
risk of failure in probabilistic terms and includes these estimates
directly in the design optimization) is gaining increased attention.
Probabilistic analysis characterizes the uncertainties in a system and
uses this information to predict the reliability of achieving a desired
response. These uncertainties stem from a number of sources. For
example, there is inherent variability such as that produced by the
environment (e.g., atmospheric conditions) in which a system op-
erates or variability resulting from manufacturing tolerances. There
is also uncertainty that results from incomplete knowledge either
about a system itself (as is the case in early stages of design) or how
it will behave (e.g., uncertainty in the predictive capability of com-
putational models). Uncertainty from any source can be included in
the proposed method as long as it can be modeled with a probability
density function.

RBDO techniques have been developed in recent years to achieve
design objectives that are stated as optimization problems un-
der uncertainty.10,11 These techniques have also been applied to
aerospace problems.12 Unfortunately, however, the computational
effort required for earlier RBDO methods has been prohibitive for
large-scale problems because reliability analyses were nested inside
optimization iterations. However, recent advances in decoupling re-
liability analysis and optimization have led to significant improve-
ments in the computational efficiency of RBDO methods.13−16

Thus this paper develops a probabilistic optimization methodol-
ogy for aerospace vehicle design that takes into account linkages be-
tween system-level and component-level design requirements. This
methodology formalizes the interlevel feedback coupling required
by a systems engineering design approach. The proposed method-
ology represents the system-component design as a MDO problem.
The system design considered optimizes the geometry of a RLV
for minimum weight while satisfying aerodynamic constraints. The
component design illustrated relates to the structural sizing of vehi-
cle components, in this case a liquid-hydrogen (LH2) tank. The op-
timization formulation includes probabilistic constraints, which are
evaluated using the limit state-based reliability analysis methodol-
ogy. The system and component designs are linked through stochas-
tic state variables relating to vehicle geometry and component
weight, and the optimization at both levels is pursued. Finally, the
reliability-based multidisciplinary optimization is made efficient by
decoupling the optimization and reliability analysis iterations.16

This paper is organized into seven remaining sections. The first
two sections set up an illustrative design problem, presenting the
system-level and component-level reliability-based optimizations
respectively. The next section describes how the system and compo-
nent levels are coupled; this is followed by an integrated reliability-
based optimization formulation, which takes into account both sys-
tem and component constraints. The decoupled technique used to
solve the reliability-based design optimization is then discussed
in some detail. The final two sections discuss results and present
conclusions.

System Design (RLV Geometry)
Establishing the rough geometry of the vehicle is a system-level

analysis. At this level, it is necessary to approximate component
contributions to the design in a low-fidelity or nondetailed manner.
In this “sample” case, weight-estimating relationships (WER) de-
veloped from vehicles already in the inventory are used for the con-
ceptual sizing of new launch vehicles through the code, CONSIZ.8,17

These WERs assess component contributions to the overall vehicle
weight without getting into detailed analyses such as that required
for assessing component structural performance. This analysis of the
vehicle weight distribution is input into an initial aerodynamic per-
formance assessment. In addition, it provides a conceptual frame-
work from which to base the more detailed design and analysis
of components. The combination of weight prediction and aerody-
namic performance assessment is the system-level design consid-
ered here. (The system-level design is treated independently in more
detail in an earlier work.18)
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Fig. 1 Illustrative vehicle geometry concept.

Low-fidelity second-order response surface models were devel-
oped for a deterministic sizing analysis of a wing-body, single-stage-
to-orbit vehicle.17 For this application, a launch vehicle is sized to
deliver a 25,000-lb payload from the Kennedy Space Center to the
International Space Station. The vehicle geometry, for illustration
purposes, is shown in Fig. 1 and has a slender, round fuselage and a
clipped delta wing. Elevons provide aerodynamic and pitch control.
Vertical tip fins provide directional control, and body flaps provide
additional pitch control.

As a first step in the conceptual design, two analyses (weight
prediction and aerodynamics) are considered in a constrained op-
timization problem. A vehicle geometry that minimizes mean dry
weight is expected to minimize overall cost, and so this is chosen as
the objective function. For stability, the pitching moment Cm for the
vehicle should be zero or extremely close to zero. In addition, Cm

should decrease as the angle of attack increases. This is achieved by
adjusting the control surfaces to trim the vehicle as the angle of attack
is increased. Thus the aerodynamic analysis for pitching moment
constrains the optimization. Additional constraints are placed on the
lift-to-drag ratio for hypersonic flight (L/D), tail volume coefficient
(tvc), and the ratio of landed weight to standard reference wing area
and coefficient of lift (W/S/CL ). The hypersonic L/D is set to be
greater than 1.2 to achieve a desired cross-range capability during
entry. W/S/CL constraint limits the landing speed [227 corresponds
to a landing speed of around 200 kn (103 m/s)], and a maximum tvc
value of 0.05 is set simply to limit the size of the tail fins.

The optimal vehicle design is determined by six design vari-
ables: fineness ratio (fuselage length/radius), wing area ratio (wing
area/radius2), tip fin area ratio (tip fin area/radius2), body flap
area ratio (body flap area/radius2), ballast weight fraction (ballast
weight/vehicle weight), and mass ratio (gross liftoff weight/burnout
weight). For the aerodynamic part of the analysis, three additional
variables are required to describe the adjustment of control surfaces
to trim the vehicle: angle of attack, elevon deflection, and body flap
deflection. The pitching-moment constraint must hold during all
flight conditions; nine flight scenarios (constructed with three ve-
locity levels and three angles of attack) are used as a representative
sample. The representative velocities (Mach 0.3, 2, and 10) were
selected as those originally used in Unal et al.17 for which response
surfaces were previously generated. The deterministic optimization
problem was written as follows: Minimize vehicle dry weight Wempty

such that the pitching-moment coefficient Cm for each of nine sce-
narios is within acceptable bounds [−0.01, +0.01].

The problem was reformulated in probabilistic terms as follows:
Minimize mean weight to meet aerodynamic constraints {e.g., such
that the pitching-moment coefficient for all nine scenarios has a
low probability (less than 0.1) of failing to be within the accept-
able bounds [−0.01, +0.01]}. Note here that the output parameters
(weight Wempty and pitching moment Cm) are random variables.
They cannot be known exactly because the inputs and analysis
model, on which they are based, is subject to uncertainty. Therefore
minimizing the mean weight approximates the weight minimization,
and the pitching-moment constraint is estimated as a probability of
failure to be within acceptable bounds. The solution of this revised,
probabilistic problem requires characterization of system uncertain-
ties, defining the limit states for failure, probabilistic analysis, and
finally optimization.

System uncertainty comes from various sources and can be mod-
eled through probability density functions for input parameters that

are treated as random variables. For example, for the design param-
eters just mentioned, the as-built conditions might not exactly be
the same as the design specifications made at this early conceptual
level. Furthermore, uncertainties in operational performance lead to
randomness in the control variables.

Constraints can be treated as constraints on the distribution pa-
rameters of the design variables that are random (e.g., mean values)
or as probability constraints. Here, the first-order mean approxi-
mations for tail volume coefficient, hypersonic lift/drag, and rel-
ative landed weight/lift constraints are given as constraints. The
pitching-moment constraints, however, are formulated in proba-
bilistic terms and evaluated using limit state-based reliability anal-
ysis. In this problem, each of the nine scenarios has two pitching-
moment limit states, one for the lower bound and one for the upper
bound of Cm (pitching-moment coefficient). The lower-bound limit
state is

glower = 0.01 + Cm (1)

and the upper-bound limit state is

gupper = 0.01 − Cm (2)

The probability of failure is defined as

Pf = P(Cm ≤ −0.01) + P(Cm ≥ 0.01)

= P(glower ≤ 0) + P(gupper ≤ 0) (3)

A first-order reliability method or FORM19,20 is used to approxi-
mate this probability of failure. Finally, a gradient-based nonlinear
optimizer is used to find the minimal mean weight given the prob-
abilistic pitching-moment constraints. Using the probabilistic opti-
mization process just described, the following formulation is solved
to obtain the best acceptable geometry, yielding an optimal mean
empty weight for the vehicle:

Minimize mean of Wempty

Subject to P
(∣∣Cm(i)

∣∣ ≤ 0.01
) ≤ 0.1, i = 1 to 9

mean of tvc ≤ 0.05

mean of W/S/CL ≤ 227

mean of L/D ≥ 1.2 (4)

Component Design (LH2 Tank Structural Sizing)
As mentioned in the preceding section, the system-level design

provides a framework for the more detailed design of individual
components. In this case, the weight distribution of the RLV system
provides input for inertial loads required for the structural design of
individual components.8,21

A launch vehicle is composed of many components (Fig. 2). Each
component must be designed to successfully perform its individual
function but must also integrate or fit into the system as a whole.
For the scope of this analysis, an LH2 tank is considered. It is as-
sumed to be a typical cylindrical tank with given end eccentricity,
located at a fixed distance from the end of the vehicle. The tank is
to be sized such that it is as light as possible but strong enough to
resist stresses induced by inertial loads, internal pressures, and other
forces.

Fig. 2 Launch vehicle components: 1, nose; 2, LH2 tank; 3, inter-
tank adapter; 4, LOX tank; 5, wing/carry-thru; 6, tail; and 7, thrust
structure.
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The design goal for the liquid-hydrogen tank then is to mini-
mize the weight of the tank while meeting the requirements for fuel
capacity and structural integrity. The fuel capacity requirement is
determined by the system-level design (i.e., from weight-estimating
relationships used in the system-level weights analysis). At the com-
ponent level, the fuel capacity is maintained by choosing the appro-
priate tank geometry. A deterministic optimization problem can be
formulated to select the best design for the tank wall structure as
follows:

Minimize tank weight = f (R)

Subject to

R − S < 0 or (R/S) − 1 ≤ 0 (for all failure modes) (5)

where R is the tank resistance and S is the loading on the tank. Here
R and S are generic symbols for resistance and loading and can be
tailored for different failure modes. The left-hand side of the pre-
ceding constraint is referred to as a limit state function in reliability
analysis literature.22 The problem is reformulated to consider the
uncertainties in R and S:

Minimize mean of tank weight = f ( fR(R)) ≈ f (µR)

Subject to

P(R − S) < Prequired (for all failure modes) (6)

This optimization formulation recognizes that the objective (tank
weight) and constraints (failure limit states) are random variables.
For well-defined optimization, objectives and constraints need to be
selected from among the parameters that characterize the random
distributions of these variables. In this case, the parameter mean tank
weight is selected as the objective, and the probability of system
failure is chosen as the constraint.

There are multiple modes of failure for the tank (i.e., Von Mises
interaction failure, isotropic failure, panel buckling), multiple loca-
tions along the tank that could fail, and even multiple load cases
(at various stages in the vehicle trajectory) that could cause failure.
Each of these failure cases can be represented by a corresponding
limit state. However, the overall reliability measure for the tank is
the system failure probability, which synthesizes all of these modes.
This system failure is represented by the union individual limit state
failures. Several methods are available for approximating the union
or intersection of several events.23−27 However, to simplify the op-
timization problem (for this sample problem) representative failure
modes are given individual failure probability limits in lieu of a
system failure constraint. Evaluating the structural failure criteria
then involves four subtasks: 1) defining the system loading S, based
on information from the system-level analysis and the mission pro-
file; 2) defining analytical models for various failure modes that
incorporate the loading model and resistance R, in terms of design
variables; 3) quantifying the uncertainty in the inputs to the failure
model; and 4) using probabilistic methods to evaluate the failure
probability of the individual limit states.

Table 1 LH2 tank sizing variables

Parameter Origin Mean Cov Description

R1 Mission 350 (885.5) 0.1 Location of first reaction point
R2 Mission 2000 (5080) 0.1 Location of second reaction point
% fuel Mission 0.9 0.1 Percent of fuel remaining in tank
ax Mission 1 (0.3048) 0.1 Axial acceleration
ay Mission 1 (0.3048) 0.1 Normal acceleration
Mix ratio Mission 0.2 0.1 Ratio of LOX weight to LH2 weight
Radius System —— —— RLV and tank radius
Fuel wt System —— —— Total fuel weight (LH2 and lox)
tplate Component Design var 0.1 Top and bottom plate thickness
thc Component 0.1 (0.254) 0.1 Honeycomb sandwich thickness
oal System —— —— Overall length
wstruct System —— —— Distributed load along entire RLV
wwing System —— —— Distributed load along wing

For the first subtask, system load calculations are based on a sim-
ple beam model in this paper, for the sake of illustration. For the
second subtask, a multimode failure model of the system is consid-
ered. This model synthesizes three failure modes for a honeycomb
sandwich wall tank, consisting of 40 individually designed pan-
els (Fig. 3). The honeycomb sandwich consists of top and bottom
plates of aluminum, AL2024, and Hexcell 1/8-in.-5052-.0015 for
the sandwich material. Design of the panels must specify the thick-
ness of the plates and sandwich. For the tank walls, the significant
failure modes are exceeding isotropic strength in the transverse di-
rection, exceeding Von Mises strength, and honeycomb buckling.
Three limit state functions (gISO, gVM, and gHCB, respectively) are
defined such that gi < 0 indicates failure by a particular mode i .
To facilitate probabilistic optimization, response surfaces for each
failure mode were developed from a design of experiments using
commercial structural sizing software.

The third subtask requires modeling system uncertainty. As seen
from the first subtask, loading is a function of several variables. Plate
thickness tplate is the design variable, and honeycomb thickness thc

is an additional resistance variable. All of these have a degree of un-
certainty that affects the structural integrity of the component (i.e.,
whether the LH2 tank satisfies the three failure criteria). The vari-
ables are summarized in Table 1. The first six variables in Table 1
are determined by the mission profile for the launch vehicle. They
vary along the flight trajectory and include two reaction locations
(R1 and R2) representing support locations at liftoff, aerodynamic
lift points during flight, or wheel locations during landing. Other
mission variables are the fuel percentage, horizontal and vertical
components of acceleration, and the liquid-oxygen to LH2 mixture
ratio. The system variables are relevant geometry parameters and
component weight predictions obtained from the RLV system
design.

For the fourth task, a limit-state based methodology (similar to
that described for the system problem) is used to evaluate the prob-
ability of any single failure mode.

Fig. 3 Segmented honeycomb-wall tank.
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The problem statement in Eq. (6) can now be rewritten as follows:

Minimize mean of tplate

Subject to

P(gVM ≤ 0) ≤ PVM acceptable, P(gISO ≤ 0) ≤ PISO acceptable

P(gHCB ≤ 0) ≤ PHCB acceptable (7)

As with the system design problem, the optimization is performed
using a gradient-based nonlinear optimizer.

Data Coupling Between System and Component
As is apparent from Table 1, the component-level design relies

on input from the system design. For example, the tank geometry
is constrained by the vehicle geometry (the tank radius must be
smaller than the vehicle radius) and by the volume of fuel needed
for the mission (i.e., propulsion weight). The loads placed on the
tank are a function of both vehicle geometry (radius and length)
and weight distribution (modeled as uniform distributions for major
components). This data flow represents the decomposition phase of
design.

After component design is completed, a more accurate estimate
of the tank weight is available from Eq. (8) as

∑

all panels

(panel length ∗ panel width) ∗ (ρplate ∗ tplate + ρhc ∗ thc) (8)

where panel length and width are calculations performed during the
structural sizing analysis. The “refined” tank weight can be fed back
into the system design to verify if the system-level requirements are
still met. Recall that the system design analysis initially accounts for
the component weight contributions through the WER. One option
is to replace the LH2 WER with the weight from the component-
level analysis as a constant. However, we chose instead to adjust
a reduction factor (included as part of the WER) so that the tank
weight will adjust as system-level design changes are made. This
reduction factor is denoted rftank weight and is updated according to
the following formula:

rftank weight = 1 − tank weight from structural sizing

baseline tank weight from weights analysis
(9)

where the baseline tank weight is given by a response surface of
the LH2 tank weight (before applying the reduction factor) from the
software code CONSIZ.8,17

When desiring a true optimal design, a single pass of information
from system to component and back is inadequate. Instead an itera-
tive process is needed to converge on optimal solutions for both the
system and component designs. Perhaps the most obvious iteration
strategy is to use a brute-force fixed-point iteration method; in other
words, to simply repeat the system–component–system design cycle
and hope for ultimate convergence so that neither design changes in
subsequent cycles. This idea is depicted in Fig. 4.

This bilevel optimization is a common strategy for design; it does
not require interlevel data flow during optimization and preserves a
degree of autonomy for component-level designers. However, this
strategy might not be able to find a converged solution to the bilevel
system with a reasonable amount of computational effort. As more
components are added, finding a feasible solution will become even
more difficult.

Fig. 4 Fixed-point iteration between system and component-level
optimizations.

Fig. 5a System design optimization data flow.

Fig. 5b LH2 tank design optimization data flow.

Fig. 6 Integrated multidisciplinary system.

An alternate approach is to integrate the two optimizations
through a MDO formulation. To understand how this can be done,
it is helpful first to map out the data flow for each design level.
Figures 5a and 5b provide such a mapping for the system and
component-level optimizations respectively.

(Note that in Fig. 5 design variables are denoted by X , while
Y denotes other uncertain input variables.) Figures 5a and 5b re-
veal several issues. First, from the two-discipline system analysis
in Fig. 5a we notice that the quantities of interest for the compo-
nent tank analysis T come from the weights analysis W ; the aero-
dynamics analysis A is needed only to evaluate the system-level
constraints. Similarly, during system updating, the tank weight is
directly relevant only to the weights analysis W but affects the
aerodynamics discipline through the centers of gravity passed as
a state (or coupling) variable from W . In addition, it is evident that
to truly couple the system and component analyses, the weights
analysis needs modification to make the LH2 tank weight reduction
factor an explicit input. This requires a new design of experiments
to generate new weight response surfaces incorporating the addi-
tional input. Finally, we propose the multidisciplinary system of
Fig. 6 for the system-component coupling. Note in this figure that
the tank design variables XTankDesign from Fig. 5b (plate thickness and
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honeycomb thickness) have been replaced by the tank weight reduc-
tion factor rftank weight. This exchange can easily be made because the
reduction factor is uniquely determined by the tank design (i.e., plate
thickness for given honeycomb thickness) by using Eqs. (8) and (9).

Probabilistic MDO Formulation of RLV
System/Tank Design

The influences of uncertainty in the combined design have to be
treated carefully. Uncertainty in the geometry propagates through
the weights analysis to the other disciplines through the intermediate
state variables (e.g., c.g. the weight distribution, length, radius, and
tank weight). These uncertainties combine with uncertainty in the
aerocontrol and mission variables resulting in uncertainty in the
aerodynamic constraints as well as in the structural failure analysis.
With this uncertainty propagation in mind, an optimization formu-
lation for the system given in Fig. 6 follows:

Minimize mean of Wempty

µXGeomery, µrf , µXaeroControl

subject to

P
(∣∣Cm(i)

∣∣ ≤ 0.01
) ≤ Pacceptable for i = 1 . . . 9

P(gVM ≤ 0) ≤ Pacceptable, P(gISO ≤ 0) ≤ Pacceptable

P(gHCB ≤ 0) ≤ Pacceptable

mean of tvc ≤ 0.05

mean of W/S/CL ≤ 227

mean of L/D ≥ 1.2

where Cm(i) = A(XGeometry, XAeroControl, uWA, YAeroControl)

i = 1 . . . 9

g j = T (uWT, YMission), j = VM, ISO, HCB (10)

The mean values (denoted by µ) of the input variables (XGeometry,
XAeroControl, and rftank weight) are the design variables. The first-order
mean approximation for empty weight is the objective just as in the
system-level analysis. Probabilistic pitching-moment constraints
are also used as in the system-level analysis; they are functions
of geometry inputs, aerodynamic control inputs, the coupling vari-
able, uWA (i.e., center of gravity) from the weight analysis, and the
random parameters (YAeroControl). Similarly, first-order mean values
for tvc, W/S/CL , and L/D are given as constraints. The probabilis-
tic constraints for structural failure are the same as those given in
Eq. (7), specifically the probability of three significant modes of
failure dependent on output from the weights analysis uWT and the
random parameter YMission. The structural sizing objective (i.e., min-
imize tank plate thickness) disappears from the formulation. How-
ever, because the plate thickness directly affects the vehicle weight,
minimizing the overall objective (i.e., vehicle empty weight) will
also ensure minimal tank plate thickness.

Conveniently, the probabilistic MDO formulation in Eq. (10) does
not have feedback coupling. In other words, with the integration of
the two problems the individual analyses are dependent in a single
direction; the aerodynamic and structural analyses depend on data
flow from the weights analysis, but the weights analysis does not
require input from the other disciplines. For example, in Eq. (10) the
pitching moment Cm is written as a function of XGeometry, XAeroConstrol,
uWA, and the aerodynamic analysis A. However, uWA is determined
by the weights analysis W so that we can represent the sequence
of analyses (weights analysis followed by aerodynamic analysis) as
W − A. W − A is a function of all inputs to W and A (i.e., XGeometry,
XAeroControl, and r ftank weight), but the coupling variable uWA does not
need to appear explicitly. Similarly, if we represent the weights
analysis followed by the tank sizing analysis as W − T , the cou-
pling variable uWT need not appear. As an example, the function for

pitching moment is given in Eq. (11) without the coupling variable
uWA:

Cm(i) = W − A(XGeometry, XAeroControl, rf tank weight, YAeroControl)

i = 1 . . . 9 (11)

It is important to realize that the absence of feedback coupling is
only a feature of this particular problem and might not necessarily be
the case for system to component integration problems in general.

Solution Strategy: Decoupled RBDO
We solve the optimization using a decoupled RBDO technique.

This technique was proposed by Du and Chen as an integral part
of their sequential optimization and reliability analysis method
(SORA).16 (The SORA method includes other improvements aimed
at reducing computational effort. However, only the basic decou-
pling technique is implemented in this paper.) During traditional
(fully coupled) reliability-based optimization, probabilistic anal-
ysis is required during each iteration of the optimizer to evalu-
ate the probabilistic constraints. (Additional probabilistic analysis
might also be required to evaluate the derivatives of the probabilistic
constraints when gradient-based optimization algorithms are used.)
Probabilistic analysis is also an iterative process, so that traditional
reliability-based optimization is a nested loop analysis (i.e., a proba-
bilistic analysis loop nested within optimization). This methodology
requires significant computational effort. The decoupling method
avoids this nesting of reliability analysis within the optimization.
Instead, optimization is performed using a deterministic equivalent
for the probabilistic constraint. Reliability analysis follows opti-
mization sequentially as opposed to being integrated within the op-
timization. Here the reliability analysis provides an update to the
deterministic equivalent of the probabilistic constraint; optimiza-
tion using the new constraint follows, and the process is repeated
until convergence.

The reliability analysis used in the decoupled RBDO in this paper
is based on the performance measure approach (PMA).13 PMA is
the inverse of the reliability index approach (RIA),28 the traditional
approach at implementing the FORM. Consider a generic proba-
bilistic constraint:

P[g(x) ≤ 0] ≤ Pacceptable (12)

where x is a vector of random design variables. By using a first-order
approximation, this constraint can also be represented in terms of
the reliability index β:

P[g(x) ≤ 0] ≈ �(−β) ≤ �(−βtarget) (13)

or equivalently

β ≥ βtarget

In RIA β is obtained from the following minimization:

Min β = ‖η‖2

subject to

g(x) = 0 (14)

where η is the vector of random input variables in standard normal
space given by the transformation in Eq. (15) for each random vari-
able xi in x. The terms µN

x and σ N
x are the equivalent normal mean

value and standard normal standard deviation, respectively:

η = (
x − µN

x

)/
σ N

x (15)

The value of x that satisfies Eq. (14) is known as the most probable
point. The computation in Eq. (14) is depicted graphically in two
dimensions in Fig. 7.

With the PMA approach, this same probabilistic constraint
[Eq. (12)] is enforced in the inverse manner. Constraint satisfac-
tion is ensured when the minimum value of the limit state g for a
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Fig. 7 Reliability index method.

Fig. 8 First-order performance measure approach.

target reliability index βtarget is greater than zero. So we write the
following constraint:

g(x∗) ≥ 0 (16)

where the PMA design point x∗ is the solution to the minimization
problem in Eq. (17):

Min g(x)

subject to

‖η‖2 = βtarget (17)

Again, the standard normal transformation for η is given by Eq. (15).
A graphical representation of PMA in two dimensions is given in
Fig. 8. From this figure, one can see that if Eq. (17) is satisfied for
the PMA design point the most probable point of the RIA method
will lie inside or on the target β circle so that the reliability index β
will be less than or equal to βtarget. Thus the PMA constraint given
by Eqs. (16) and (17) and the RIA constraint given in Eqs. (13) and
(14) are equivalent.

This decoupled RBDO method used here takes advantage of the
PMA method in order to decouple the optimization and reliability
analysis by separating the random design variables into a deter-
ministic design component used for optimization and a stochastic
component used for the reliability analysis. Rearranging the stan-
dard normal transformation in Eq. (15) gives a particular realization
for a random variable x :

xi = σ N
x ∗ ηi + µN

x (18)

(Note that for non-Gaussian variables, a transformation is required
to obtain the equivalent normal mean µN

x and standard deviation σ N
x

from the distributions.22) The design (i.e., the optimization) deter-
mines the values of the distribution parameters: mean µx and stan-
dard deviation σx . In this case, we want to control only the mean
values; thus, the design variable is µx , and the standard deviation
σx is dependent on the mean value. Note that it is not possible to
write the RIA constraint (β ≥ βtarget) as a function of both the deter-
ministic and stochastic components of the random variables. (β is
a function of only the standard normal realization η.) However, we

can rewrite the PMA constraint [Eq. (16)] as a function of both the
mean value and the standard normal realization η as

g
(
µx , η

∗) ≥ 0 (19)

The particular standard normal realization η∗ satisfies the minimiza-
tion in Eq. (20), which is simply Eq. (14) rewritten with x decom-
posed into µx and η:

Min g
(
µx , η

∗)

subject to

‖η‖2 = βtarget (20)

With this decoupled representation, the optimization is implemented
independent of probabilistic analysis by controlling only the deter-
ministic component of the random design variable (i.e., µx ). During
this phase, the stochastic component η is kept constant. (An initial
value η0 is assumed. Future values ηk − 1 are computed during the
probabilistic analysis phase.) With η constant, the constraint given
by Eq. (19) is now deterministic, and deterministic optimization is
possible. A candidate optimal design µk

x results for the kth opti-
mization. This value of µk

x is fed to the next phase, probabilistic
analysis. During this phase, µk

x is kept constant, and the value of
η satisfying Eq. (20) is found. This resulting ηk is then forwarded
to update the constraint (19) for the next optimization k + 1. The
algorithm terminates when successive cycles converge to consistent
values of µk

x and ηk .
This method can be implemented for the problem given in

Eq. (11). In this case, the deterministic optimization phase solves
the following formulation:

Minimize mean of Wempty ≈ W (µXGeometry, µrf )

µXGeometry, µrf , µXaeroControl

subject to
∣∣Cm(i)

∣∣ = W − A
[
µ, ηk − 1(i)

] ≥ 0 for i = 1 . . . 9

gVM = W − T
[
µ, ηk − 1(10)

] ≥ 0

gISO = W − T
[
µ, ηk − 1(11)

] ≥ 0

gHCB = W − T
[
µ, ηk − 1(12)

] ≥ 0

mean of tvc ≤ 0.05

mean of W/S/CL ≤ 227

mean of L/D ≥ 1.2 (21)

Here µ represents the mean values for all random variables (i.e.,
µXGeometry, µXAeroControl, µrf , µY Mission, and µY AeroControl). The para-
metric constraints (mean of tvc, mean of W/S/CL , and mean of L/D)
are already in deterministic form so that they appear exactly as in the
original formulation. However, each of the probabilistic constraints
have been replaced by a deterministic equivalent in the form of
Eq. (16). These constraints are functions of the parametric design
quantities (mean values of XGeometry, XAeroControl, and rf tank weight) and
the stochastic components of all random variables ηk .

Following the optimization, a PMA analysis is required for each
probabilistic constraint to determine ηk(i). For example, for a single
pitching-moment constraint PMA finds the η that solves the follow-
ing minimization for constant mean values:

Min
η

∣∣Cm(i)

∣∣

= W − A
(
µk

X (Geometry), µ
k
X(AeroControl), µ

k
rf , µY (AeroControl), η

)

subject to

β = ||η||2 = −�−1(0.1) (22)
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Fig. 9 Decoupled RBDO for multiple constraints.

The resulting random realization η then becomes ηk(i) for the next
optimization. Note that each constraint is associated with its own
ηk(i) because ηk(i) represents the current estimate of the PMA de-
sign point for that particular constraint i . This concept for multiple
constraints is outlined graphically in Fig. 9.

Results and Discussion
The optimization [Eq. 10)] was solved by using a MATLAB® rou-

tine, which implements the reliability-based optimization (as just
outlined) with a sequential-quadratic-programming algorithm from
their Optimization Toolbox.29 A converged solution was obtained
in four iterations. (For comparison, a traditional nested RBDO ap-
proach based on the reliability index was attempted but was not able
to converge to a solution.) The results are given in Tables 2–4 for two
different reliability constraints: a 10% probability of constraint fail-
ure and a 0.0013 probability of constraint failure (corresponding to
target reliability indices of 1.28 and 3, respectively). As expected, the
higher reliability requirement results in a larger mean vehicle weight
(about a 5% increase in mean weight for a slightly less than 100-fold
improvement in reliability). For both reliability levels, the two active
constraints are the ninth pitching-moment constraint (corresponding
to a maximum angle of attack at hypersonic speed) and the isotropic
strength constraint. A postoptimization sensitivity analysis (based
on relative partial derivatives at the design point) reveals that the
most significant variables for empty weight are the fineness and wing
area ratios. These two variables are also the most significant for the
pitching-moment constraints. However, the upper-bound constraint
for the mean of the fineness ratio is also active, limiting its contribu-
tion to improve the optimal weight. The probabilistic constraint for
isotropic strength failure is dominated by the tank weight reduction
factor r ftank weight.

Note that the function evaluations for each RBDO phase (i.e.,
the optimization phase and the probabilistic analysis phase) include
evaluations required for finite difference approximations of the gra-
dient. In the optimization phase, there are 15 constraints and 22
design variables, so that a minimum of 331 function evaluations are
required to approximate the Jacobian during each iteration of the
optimizer. In this case, each optimization phase requires approx-
imately 4000 function evaluations in an average of 12 iterations.
(Note that a deterministic safety-factor-based formulation of the
original problem would be also be expected to require about 4000
function evaluations using finite differences to approximate the gra-
dient.) In the probabilistic analysis phase, there are 38 random vari-
ables so that a minimum of 39 function evaluations is required for
every probabilistic analysis loop; this is required for each of the
12 probabilistic constraints. The importance of derivative calcula-
tions in large-scale optimization problems is well documented,2 and
these results only reinforce their significance. In this example, there
would be considerable value in identifying inactive constraints so
that those calculations could be avoided. This was not done, but
in hindsight could have resulted in a more than sevenfold improve-
ment in computational effort given that only two of the 15 constraints
were active at the optimum. Even so, the total computational effort
for the decoupled RBDO (e.g., 26,121 function evaluations for a

Table 2 Design requirements

Variable Case 1 Case 2

Pf 0.10 0.0013
βtarget 1.28 3.00

Table 3 Optimization results

Optimal design

Bounds Design variable Case 1 Case 2

[0, 0.9] rftank weight 0.033 0.00
[4, 7] fr 7.00 7.00
[10, 20] war 15.99 16.839
[0.05, 3.0] tfar 0.50 0.96
[0, 0] bfar 0.00 0.00
[0, 0.4] bl 0.0033 0.0013
[7.5, 8.25] mr 7.74 7.76
Objective Empty weight, lb (kg) 202,180 (91,709) 212,800 (96,526)

Table 4 Computational effort

Parameter Case 1 Case 2

Decoupled RBDO iterations 4 4
Optimization function evaluations 15,349 13,932
Probabilistic analysis function evaluations 10,772 10,358

10% failure probability) is under seven times that for deterministic
optimization (roughly 4000 function evaluations).

Another significant observation is that the total number of eval-
uations does not increase as the required failure probability is de-
creased. This is an advantage of using an analytical approach (i.e.,
first-order reliability analysis) to evaluating the probabilistic con-
straint as opposed to Monte Carlo simulation-based methods. How-
ever, accuracy of the reliability estimate could be compromised,
especially for highly nonlinear constraints. Therefore, the final de-
sign should be checked with Monte Carlo simulation.

Conclusions
Design by decomposition is a fairly common and practical strat-

egy for complex engineering. However, some degree of integration
is required to ensure the multilevel designs are compatible. This is
a special challenge when the effects of uncertainty are considered.
The process outlined in this paper presents a strategy for coupling
design levels as a multidisciplinary optimization under uncertainty.

The example application demonstrates some obvious advantages
and drawbacks for this approach. First, by using reliability-based de-
sign optimization (RBDO), reliability requirements can be explicitly
enforced during design. A deterministic factor of safety design, on
the other hand, does not provide a quantitative measure of reliability.
The RBDO approach also allows engineers to see the effects of vary-
ing reliability requirements on design optimality, which is extremely
useful in making informed tradeoff decisions. By using a multidis-
ciplinary optimization to couple design levels, the uncertainty infor-
mation also passes formally between system-and component-level
designs. This approach prevents low-fidelity system-level analyses
from unduly restricting future component-level design decisions.
The obvious drawback for the methodology is the increase in com-
putational effort over deterministic methods. However, decoupled
RBDO methods reduce this liability significantly.

Incorporating the design of additional components would re-
quire additional probabilistic constraints and additional design vari-
ables linking component requirements to the system-level objec-
tives (e.g., reduction factors for weights from each component). The
multidisciplinary-optimization problem complexity and the com-
putational effort required to solve it will increase proportionally.
However, this approach is likely less difficult than attempting to in-
tegrate the individual component designs directly with one another
on a single level. Another added complexity would be to consider
additional component design variables (e.g., tank properties other
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than plate thickness). In this case, it might not be possible to use a
variable such as the tank weight reduction factor to link the system
and component weight analyses. Instead, a component-level opti-
mization could be used for the structural sizing analysis of the tank.
Finally, the issue of how to handle system reliability constraints
(such as a system failure defined by the union of several failures)
in conjunction with efficient reliability-based optimization needs to
be addressed.
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